We classify the smooth projective symmetric varieties with Picard number equal to one. Moreover we prove a criterion for the smoothness of the simple (normal) symmetric varieties whose closed orbit is complete. In particular we prove that a such variety X is smooth if and only if an appropriate toric variety contained in X is smooth.
A Gorenstein normal algebraic variety X over C is called a Fano variety if the anticanonical divisor is ample. The Fano surfaces are classically called Del Pezzo surfaces. The importance of Fano varieties in the theory of higher dimensional varieties is similar to the importance of Del Pezzo surfaces in the theory of surfaces. Moreover Mori's program predicts that every uniruled variety is birational to a fiberspace whose general fiber is a Fano variety (with terminal singularities).
Often it is useful to subdivide the Fano varieties in two kinds: the Fano varieties with Picard number equal to one and the Fano varieties whose Picard number is strictly greater of one. For example, there are many results which give an explicit bound to some numerical invariants of a Fano variety (depending on the Picard number and on the dimension of the variety). Often there is an explicit expression for the Fano varieties of Picard number equal to one and another expression for the remaining Fano varieties.
We are mainly interested in the smooth projective spherical varieties with Picard number 1. The smooth toric (resp. homogeneous) projective varieties with Picard number 1 are just projective spaces (resp. G/P with G simple and P maximal). We will classify the smooth projective symmetric varieties whose Picard group is isomorphic to Z. One can easily show that they are all Fano, because the canonical bundle cannot be ample.
In [Ru] there are some partial results regarding the classification of smooth Fano projective symmetric varieties with Picard number greater than 1 and low rank.
Let G be a connected reductive algebraic group over C and let θ be an involution of G. Let H be a closed subgroup of G such that G θ ⊂ H ⊂ N G (G θ ). We will say that a normal equivariant embedding of G/H is a symmetric variety. Any symmetric variety can be covered by open G-subvarieties which are simple, i.e. have one closed G-subvariety. In Section 1 we recall some known facts about symmetric varieties and we fix the notations. In Section 2 we give a criterion for the smoothness of the simple symmetric varieties whose closed orbit is complete (see Theorem 2.1). It is easily showed that every complete symmetric variety is covered by simple open symmetric G-subvarieties whose closed orbits are complete. We generalize the results of Timashev (see [T1] ) and Renner (see [Re] ) on the equivariant embeddings of reductive groups. The idea of the proof is the following. First we reduce to the affine case. Given an affine X we define a toric variety T · x 0 contained in X and we prove that X is smooth if and only T · x 0 is smooth. Moreover we relate the combinatorial description of T · x 0 to the colored fan of X (see [Br3] for a definition of the colored fan).
In Section 3 we use the previous criterion to classify the smooth complete symmetric varieties with Picard number equal to one (see Theorem 3.1). We do not classify directly the projective smooth symmetric varieties with Picard number equal to one because there is a combinatorial classification of the complete symmetric varieties, but it is not so easy to say which ones are projective. We will prove that the smooth complete symmetric varieties with Picard number equal to one have at most two closed orbits. Because of this fact we easily prove that they are all projective. Observe that all the simple complete symmetric varieties are projective by a theorem of Sumihiro.
We would like to thank M. Brion for many helpful suggestions.
Notations and background
In this section we will introduce the necessary notations. Let G be a connected reductive algebraic group over C and let θ be an involution of G. Let H be a closed subgroup of G such that G θ ⊂ H ⊂ N G (G θ ). We will say that G/H is a symmetric space. An equivariant embedding of G/H is the data of a Gvariety X together with an equivariant open immersion G/H → X. A normal G-variety is called a spherical variety if it contains a dense orbit under the action of an arbitrarily chosen Borel subgroup of G. One can show that an equivariant embedding of G/H is a spherical variety if and only if it is normal (see [dCP1] Proposition 1.3). In this case we will say that it is a symmetric variety. We will say that a subtorus of G is split if θ(t) = t −1 for all its elements t. We fix arbitrarily a maximal split torus T 1 , i.e. a split subtorus of G of maximal dimension. Let T be a maximal torus of G containing T 1 . One can prove that T is θ stable (see [T2] §5). Let R G be the root system of G with respect to T and let R 0 G be the subroot system of the roots fixed by θ. We define
We can choose a Borel subgroup B containing T such that, if α is a positive root in R 1 G , then θ(α) is negative (see [dCP1] Lemma 1.2). One can prove that BH is dense in G (see [dCP1] Proposition 1.3). Let D(G/H) be the set of B-stable prime divisors of G/H; its elements are called colors. Since BH/H is an affine open orbit, the colors are the irreducible components of G/H − BH/H. We will say that a spherical variety is simple if it contains exactly one closed orbit. Let X be a simple symmetric variety with closed orbit Y . Let D(X) be the subset of D(G/H) consisting of the colors whose closure in X contains Y . We will say that D(X) is the set of colors of X.
To each prime divisor D of X, we can associate the normalized discrete valuation v D of C(G/H) whose ring is the local ring O X,D . One can prove that D is G-stable if and only if v D is G-invariant, i.e. v D (s · f ) = v D (f ) for each s ∈ G and f ∈ C(G/H). Let N be the set of all G-invariant valuations of C(G/H) and let N (X) be the set of the valuations associated to the G-stable prime divisors of X. Observe that each irreducible component of X − G/H has codimension 1 because G/H is affine. Let S := T /T ∩ H ≃ T · x 0 , where x 0 = H/H denotes the base point of G/H. One can show that the group C(G/H) (B) /C * is isomorphic to the character group χ(S) of S (see [V2] §2.3);
in particular it is a free abelian group. We define the rank of G/H as the rank of χ (S) . Observe that it is equal to the dimension of S. We can identify the dual group Hom Z (C(G/H) (B) /C * , Z) with the group χ * (S) of 1-parameter subgroups of S. Moreover we can identify χ * (S)⊗ R with Hom Z (χ(S), R). The restriction map to C(G/H) (B) /C * is injective over N (see [LV] 7.4), so we can identify N with a subset of χ * (S) ⊗ R. For each color D, we will define ρ(v D ) as the restriction of v D to χ (S) . In general the map ρ from D(G/H) to χ * (S) ⊗ R is not injective. Let C(X) be the cone in χ * (S) ⊗ R generated by N (X) and ρ(D(X)). We can recover N (X) from C(X). Indeed N (X) consists of the primitive vectors of the 1-dimensional faces of C(X) which are contained in N (we will say that a vector v ∈ χ * (S) − {0} is primitive if an equality v = av ′ , where v ′ is a vector in χ * (S) and a is a positive integer, implies a = 1). We will denote by σ(v 1 , ..., v r ) the cone generated by the vectors v 1 , ..., v r . Given a cone C in χ * (S) ⊗ R and a subset D of D(G/H), we will say that (C, D) is a colored cone if:
1. C is generated by ρ(D) and by a finite number of vectors in N ; 2. C intersects the interior of N . Proposition 1.1 ( [LV] §8) The map X → (C(X), D(X)) is a bijection from the set of simple symmetric varieties to the set of colored cones.
Given a symmetric variety X ′ (not necessarily simple), let {Y i } i∈I be the set of G-orbits. Observe that X 
2. the intersections of N with the relative interiors of the C i are pairwise disjoint.
We recall the description of the sets N and ρ(D(G/H)). Before that, we need to associate a root system to G/H. The subgroup χ(S) of χ(T 1 ) has finite index, so we can identify χ(T 1 ) ⊗ R with χ(S) ⊗ R. Because T is θ-stable, θ induces an involution of χ(T ) ⊗ R which we call again θ. The inclusion T 1 ⊂ T induces an isomorphism of χ(T 1 ) ⊗ R with the −1 eigenspace of χ(T ) ⊗ R under the action of θ (see [T2] ). We fix arbitrarily a W -invariant inner product ( ·, ·) over χ(T ) ⊗ R which coincides with the product given by the Killing form over span R (R G ). We denote again ( ·, ·) the restriction of this inner product to χ(T 1 ) ⊗ R. Thus we can identify χ(T 1 ) ⊗ R with its dual χ * (T 1 ) ⊗ R. One can show that the set R G,θ := {α − θ(α) | α ∈ R G } − {0} is a root system in χ(S) ⊗ R (see [T2] ). We call it the restricted root system of (G, θ) and we call the non zero α − θ(α) the restricted roots. If G is semisimple, then the rank of G/H is equal to the rank of R G,θ , i.e. the dimension of span R (R G,θ ). Notice that we have chosen a basis of R G , namely the basis associated to B. The set {α − θ(α) | α ∈ R G simple} − {0} is a basis of R G,θ . We denote by α 1 , ..., α s the elements of this basis. For each i we define α ∨ i as the coroot associated to α i and we define ω i as the fundamental weight associated to α i . Let b i be equal to + be the positive closed Weyl chamber of χ(S) ⊗ R, i.e. the cone generated by the fundamental weights of R G,θ . We will call −C + the negative Weyl chamber. Given a dominant weight λ, we denote by V (λ) the irreducible representation of highest weight λ. If G is semisimple, then the lattice generated by the restricted roots is isomorphic to the character group of
Moreover the weight lattice of R G,θ is {χ − θ(χ)| χ ∈ χ(T )} and can be identified with the character group of T 1 /T 1 ∩ G θ . We want to give another description of this lattice. We will say that a dominant weight ω of G is a spherical weight if V (ω) contains a line stabilized by N G (G θ ) and pointwise fixed by [G, G] ∩ G θ (in this definition we do not require that G is semisimple). In this case the line is unique and θ(ω) = −ω. Thus we can think ω as a vector in χ(S) ⊗ R. One can show that, if G is semisimple, the lattice generated by the spherical weights coincides with the weight lattice of R G,θ . Moreover the set of dominant weights of R G,θ is the set of spherical weights and C + is the intersection of χ(S) ⊗ R with the positive closed Weyl chamber of the root system R G in χ(T ) ⊗ R (see [CM] ).
The set N is equal to −C + ∩ χ * (S), in particular it consists of the integral points of a rational polyhedral convex cone. The set ρ(D(G/H)) is equal to {α
. We say that a simple restricted root α is exceptional if there are two simple roots α 1 and α 2 in R G such that: 1) α 1 − θ(α 1 ) = α 2 − θ(α 2 ) = α; 2) either θ(α 1 ) = −α 2 or θ(α 1 ) = −α 2 and (α 1 , α 2 ) = 0. If α is exceptional then the simple roots α 1 and α 2 are uniquely defined by the previous properties. One can prove that the fibre ρ −1 (α ∨ ) contains two colors if and only if α is exceptional (see [V1] and [dCP1] ). In particular the map ρ is not injective if and only if there is an exceptional root. Moreover one can show that ρ is not injective if and only if the center of [G, G] θ has positive dimension (see [V1] ). In this case we will say that G/H contains an Hermitian factor. If ρ is injective, we denote by D α ∨ the unique color contained in
We will say that θ is non simple if G/G θ is the product of (non trivial) symmetric spaces, up to quotient by a finite group. Otherwise we will say that θ is simple. If θ is simple we have the following possibilities: 1) G is an onedimensional torus; 2) G is simple and 3) G =Ġ×Ġ withĠ simple and θ defined by θ(x, y) = (y, x). In the last case G/G θ is isomorphic toĠ and there are no exceptional roots. If G is semisimple, then θ is simple if and only if R G,θ is irreducible. If R G,θ is irreducible and contains an exceptional root then it has type BC l (see [dCP1] ). For a classification of the simple involutions see [T2] .
Remark. One can suppose that G is the product of a connected, semisimple, simply connected group and of a central split torus in the following way. Let π : G → [G, G] be the universal cover of the derived group of G. We consider the group
, we can also suppose that the stabilizer of the base point x 0 in the connected center of the group is trivial.
Smoothness of symmetric varieties
In this section we want to classify the smooth symmetric varieties. Clearly we can reduce ourselves to studying the simple ones. Let X be a simple symmetric variety with closed orbit Y . One can show that there is a unique affine Bstable open set X B that intersect Y and is minimal for this property. Moreover the complement X − X B is the union of the closures of the colors that do not belong to X. The stabilizer P of X B is a parabolic subgroup containing B. Let L be its standard Levi subgroup. The P -variety X B is the product P u × Z of the unipotent radical of P and of an affine L-spherical variety Z (see [Br3] ). Moreover Z is a symmetric variety, as we see in following lemma.
Proof. Given a root β, let U β be the unipotent one-dimensional subgroup of G corresponding to β. Given µ ∈ χ * (T ) we denote by P (µ) the parabolic subgroup of G generated by T and by the subgroups U α corresponding to the roots α such that (α, λ) ≥ 0.
Observe that P contains the stabilizer P ′ of BH. Indeed the colors are exactly the prime divisors of G/H stabilized by P ′ (see [V1] 2.4). Let λ (respectively λ ′ ) be an one parameter subgroup of T such that P = P (λ) (respectively
. In the following we will use the notation H L for the intersection L ∩ H. We are mostly interested in the smooth complete symmetric varieties, so we can reduce ourselves to studying the simple affine varieties with a L-fixed point, as we see in following lemma.
Observe that the hypothesis of the lemma is equivalent to the condition dim C(X) = rank G/H.
Proof. Z ∩ Y is one point x and is L-stable. Moreover x is unique because every affine spherical variety is simple.
We choose, as basis of the root system R L of (L, T ), the basis associated to the Borel subgroup B L := B ∩ L. Let R L,θ be the restricted root system of (L, θ) . Observe that R L,θ is contained in R G,θ . We arbitrarily choose an order of the connected components of the Dynkin diagram of R L,θ and we define R 
The cone C(X) is generated by a basis of Hom Z (χ(S), Z).

We can index the dual basis {λ
Before proving the theorem, we want to make some remarks. 1) Suppose that L/H L is a groupL, i.e. suppose that L =L ×L and that θ is defined by θ(x, y) = (y, x). Then the first condition of the theorem means thatL is the quotient of a product Π(SL(n i ) × C * ) by a finite subgroup (some integer n i can be zero). If all the conditions of the theorem are verified, theṅ L is the quotient of a product ΠGL(n i ) by a finite subgroup K and Z is the quotient of the product ΠM ni of algebras of matrices by K. Observe that the product of matrices define a product over ΠM ni that extends the product over ΠGL(n i ). This means that ΠM ni is an algebraic monoid whose unit group is ΠGL(n i ). Moreover we will show that, if all the n i are strictly positive, thenL is the product ΠGL(n i ), i.e. K is trivial.
2) Given X which verifies the conditions of the theorem, we can describe the associated colored cone. C(X) is the dual cone of σ(λ 1 1 , ..., λ q nq +1 ) and χ(S) is the free abelian group with basis {λ [T1] ) studied a particular class of equivariant embeddings of reductive groups. These embeddings are not necessarily normal. Here G is a productĠ×Ġ and the involution θ is defined by θ(x, y) = (y, x). Timashev supposes that there is a faithfulĠ-linear representation V = V (µ i ) with the following properties. The µ i are all distinct and the mapĠ → P( End C (V (µ i ))) is injective. He considers the closure ofĠ in P( End C (V (µ i ))) and obtains a criterion for this variety to be normal, respectively smooth. Observe that G acts on
and the action coincides with the one over V ⊗ V * through the canonical isomorphism End C (V ) ∼ = V ⊗ V * . Also Renner (see [Re] ) considers the case where G/H is isomorphic to a reductive groupĠ, but he studies the affine (normal) equivariant embeddings ofĠ with a G-fixed point. He classifies the smooth ones in the case where the center ofĠ has dimension 1 and the derived group ofĠ is simple.
Proof. We can reduce to the affine case; indeed X is smooth if and only if Z is smooth. First we will prove the necessity of the conditions. We would like to reduce to the case of an affine toric variety. First we will prove that, if X is smooth, then also the closure of T · x 0 in Z is smooth and there are no exceptional roots in R L,θ . After we will study the relation between the combinatorial description of this toric variety and the combinatorial description of Z.
Let U (respectively U L ) be the unipotent radical of B (respectively of B L ).
.2) and we have a commutative diagram
This holds because of the following lemma.
Lemma 2.3 Let λ be a dominant weight in χ(S). If there is a
Proof. Let v be a T -eigenvector in C[Z] of eigenvalue λ, we can suppose that it is contained in an irreducible L-subrepresentation V (µ) of C[Z] of highest weight µ. So λ = µ − a j β j , where a 1 , ..., a n are positive integers and β 1 , ..., β n are the simple roots of L. The cone C(X) is generated by (α
(BL) of T -eigenvalue λ. Let σ be the cone in χ * (S) ⊗ R associated to T · x 0 and let σ ∨ be the dual cone. Observe that we have not used yet the smoothness of Z.
Notice that Z is smooth if and only if it is a L-representation. Indeed, by a theorem of Sumihiro there are a L-representation V and a L-equivariant
is the representation V twisted by the weight −λ. Moreover, up to taking a subrepresentation, we can identify Z with
If Z is smooth it is known that the second condition of the theorem is verified (see [Br2] ). Moreover
UL is a polynomial algebra. Now we want to show that there are no exceptional roots in R L,θ . Suppose by contradiction that there is an exceptional root, then there is j 0 such that R j0 L,θ has type BC nj 0 . Let e 1 , ..., e t be the primitive generators of the 1-dimensional faces of σ ∨ . The semigroup σ ∨ ∩ χ(S) contains the basis of χ(S) which generates
, so W L,θ stabilizes the set {e 1 , ..., e t }. In particular W L,θ exchanges the e i . Also the symmetric group S t acts on {e 1 , ..., e t }. Let σ i,j be the transposition that exchanges e i with e j . We will say that two transpositions σ i,j and σ h,k are disjoint if the sets {i, j} and {h, k} are disjoint. We want to describe the image of W L,θ in S t . For every root α of R L,θ , let σ α be the reflection with respect to α. σ α acts on {e 1 , ..., e t } as an element of S t of order 2, so it is a product of disjoint transpositions, say s n=1 σ hn,kn . Thus σ α (e hn − e kn ) = −(e hn − e kn ) for each n, so the e hn −e kn are all multiples of α. Let a(e i −e j ) and b(e h −e k ) be two distinct simple restricted roots in R j0 L,θ . If they are orthogonal, then the sets {i, j} and {h, k} are disjoint because 2(e h −e k ,ei−ej ) (ei−ej ,ei−ej ) (e i − e j ) = (e h − e k ) − σ ei−ej (e h − e k ). We claim that there is a subset {e ) is equal to 0 for each i strictly lesser than r − 1. Hence we can suppose that e j0 r is equal to e hn for an appropriate n. We set e j0 r+1 equal to e kn , so α j0 r is a multiple of e j0 r − e j0 r+1 and the claim is true by induction.
is a product of simple involutions of type AIV and R L2,θ2 does not contain exceptional roots.
We can reduce to the case where
where the L i are θ-stable semisimple subgroups of L, the restrictions of θ to the L i are simple and T is a split central torus of L. Moreover we can assume that
an index such that L 1 does not act trivially on V (λ h0 ) and write λ h0 = µ i +ν, where µ i is a spherical weight of L i for each i and ν is a character of T . Observe
for an appropriate one-dimensional subtorus T ′ of T . Thus we can suppose that L = SL(l ′ + 1)× C * and that the restriction of the involution to SL(l ′ +1) has type AIV . One can easily verify that every spherical irreducible representation of L has dimension strictly greater than the dimension of L/L θ . Indeed every spherical weight is equal to a multiple of ω 1 + ω l ′ plus a character of the connected center of L.
Remember that we have proved that T · x 0 is normal and that the elements of
T · x 0 is smooth if and only if σ is simplicial. Indeed, in this case σ ∨ is generated by a basis of χ(S) ⊗ R. Moreover σ ∨ contains the basis of χ(S) which generates C(X) ∨ , so it is generated by a basis of χ (S) . The cone σ is simplicial if and only if there are exactly l T -stable prime divisors of T · x 0 .
The T -stable prime divisors of T · x 0 correspond to some B L -stable prime divisors of Z. More precisely, we can define an injective map from the set of T -stable prime divisors of T · x 0 into the set of B L -stable prime divisors of Z, by associating, to any T -stable prime divisor D of T · x 0 , the closure of B L · D in Z. To prove that this map is well defined and injective, it is sufficient to prove that, given any
The B L -stable prime divisors of Z correspond to the B-stable prime divisors of X which intersect Y . Indeed X B is isomorphic to P u × Z. But the B stable prime divisors of X which intersect Y are exactly l because there are no exceptional roots in R L,θ . Now, we want to describe C[T · x 0 ] in relation to the restricted root system of (L, θ) . Remember that S = T /T ∩ H, so T · x 0 is a S-toric variety. T · x 0 is smooth and has a fixed point of T , so it is isomorphic to an affine space and C[T · x 0 ] is a polynomial ring C[v(e 1 ), ..., v(e l )], where v(e i ) is a S-seminvariant vector of weight e i for each i. The symmetric group S l acts on {e 1 , ..., e l }. Let σ i,j be again the transposition that exchanges e i with e j . The action of
, so W L,θ stabilizes the basis {e 1 , ..., e l } of χ(S). In particular W L,θ exchanges the e i . We want to describe the image of W L,θ in S l .
Lemma 2.4 For every restricted root α of L there are two indices i and j such that σ α = σ i,j . Moreover we can suppose that α = e i − e j up to exchanging i and j.
Proof. The orthogonal reflection σ α of χ(S)⊗R stabilizes the basis {e 1 , ..., e l }. Thus σ α can exchange only two of the e i , otherwise the (-1)-eigenspace would have dimension at least 2. Suppose now that σ α = σ i,j , then σ α (e i − e j ) = −(e i − e j ), so e i − e j must be a multiple of α. Moreover it must be an integral multiple because e i − e j = σ α (e j ) − e j and e j is a weight. But we can write α as an integral linear combination of the e j in a unique way, so e i − e j = ±α.
The first condition of the theorem is easily implied by the previous lemma together with the following claim. We claim that for each j there is a subset {e (ei−ej ,ei−ej ) (e i −e j ) = (e h − e k )− σ ei−ej (e h − e k ). Clearly we can choose e Now we want to prove the sufficiency of the conditions of the theorem. First we will prove that the closure T · x 0 of T · x 0 in Z is smooth if Z verifies the conditions of the theorem. This fact will imply that, given an involution (L, θ) such that the center of L has dimension 1, there is at most a smooth affine symmetric variety.
We can prove, as in the proof of the necessity of the conditions, that T · x 0 is normal and that the associated cone σ
∨ is equal to σ(λ We want to reduce to the case where θ | [L, L] is simple and Z(L) is one dimensional. In this case we will describe explicitly the affine smooth symmetric varieties. We know that S = S 1 × S 2 , where S 1 and S 2 are determined by the conditions χ(S 1 ) = j≤p Zλ j i and χ(S 2 ) = j>p Zλ j 1 (p is the number of connected components of the Dynkin diagram of R L,θ ). Thus we can suppose that L =L ×Ṫ whereṪ is a central subtorus of L such that Ṫ /H ∩Ṫ = S 2 (see Remark at the end of the previous section). Moreover
It is sufficient to exhibit a smooth affine embedding ofL/L ∩ H L , so we can suppose that the center of L has dimension equal to p. We can reduce to case where R L,θ is irreducible. Indeed, if (σ((α 
, because the lattice associated to this last symmetric space is
The product Z j is isomorphic to Z, because they are associated to the same colored cone. Thus it is sufficient to prove that the Z j are smooth. Observe that each Z j verifies the conditions of the theorem.
Up to an isomorphism of the Dynkin diagram, there is at most one colored cone (σ((α
2) the equivariant embedding Z of L/H L associated to the given colored cone verifies the conditions of the theorem. Indeed, we can suppose, up to isomorphism, that (α 1 i , v 1 ) = −δ n1,i for each i. Thus the cone R + v 1 is uniquely determined by the condition R + v 1 ⊂ −C + . Observe that, if Z is smooth, then it verifies the conditions of the lemma. Because of the following lemma, it is sufficient to find an irreducible spherical L-representation of dimension dim L/L θ for each L which has connected center of dimension 1 and restricted root system of type A l ′ . We will prove the lemma in a greater generality than the necessary.
Lemma 2.5 Suppose that the center of L has dimension equal to the number of connected components of the Dynkin diagram of
• the equivariant embedding Z of L/H L associated to the given colored cone verifies the conditions of the theorem.
Proof. Suppose that exists such a subgroup, then C(Z) ∨ /n is a weight, then n is equal either to ±1 or to ±2. Thus a j0 1 can be equal either to 1 or to 2. If it is equal to 1, then we can proceed as in the case of rank R 
If [L, L] is not simple then it isomorphic to SL(l) × SL(l), so we define Z as the space of matrices M l . Otherwise we have the following possibilities for the involution of [L, L] : AI, AII, BII, DII and EIV . Remember that l ′ is the rank of R L,θ . For AI, the representation of highest weight 2ω 1 has the correct dimension, namely (1/2)(l ′2 + 3l ′ + 2). For AII, the representation of highest weight ω 2 has the correct dimension, namely 2l ′2 + 3l ′ + 1. For BII, the representation with the correct dimension is the representation of highest weight ω 1 , namely the standard representation of SO(2l ′ + 1). For DII, the representation with the correct dimension is the representation of highest weight ω 1 , namely the standard representation of SO(2l ′ ). Finally, for EIV , we consider the representation with highest weight ω 1 , which has dimension 27.
Remark. Let X be a smooth simple symmetric variety and suppose for simplicity that χ(S) has rank equal to the rank of R L plus 1, in particular that R L is irreducible. We want to remark that there is only one way to index the basis of χ(S) that generates C(X) ∨ so that it verifies the third condition. First observe that indexing this basis is equivalent to indexing the dual basis of χ * (S) . Observe that in the previous corollary we request that X is normal. Indeed there is a not normal equivariant embedding X of a symmetric space such that the closure of T · x 0 in X is smooth (see [V1] 7.2).
3 Smooth complete symmetric varieties with Picard number equal to one
In this section we want to classify the smooth complete symmetric varieties with Picard number equal to one. We will show that they are all projective. Let X be a complete symmetric variety of rank l. Suppose that X is smooth and has Picard number equal to one. Let n be the number of colors that are not colors of X and let m be the number of 1-dimensional cones which are faces of a colored cone belonging to the colored fan of X. Observe that we consider also the 1-dimensional faces that are not contained in the valuation cone N . It is known that the Picard group of X is free and its rank is equal to n + m − l. In fact the rank of P ic(X) is equal to number of colors of G/H plus the number of G-stable prime divisors minus the rank of G/H (see [Br1] or [Br3] 5.1). Hence, there is at most a color which does not belong to X. We have two cases: 1) there is exactly a color that does not belong to X and X is simple (n = 1 and m = l); 2) all the colors belong to X and m = l + 1. If G is a torus then X is a projective space. In the following we will suppose that G is not a torus. Moreover we can assume that the involution acts on the connected center of G as the map t → t −1 .
Lemma 3.1 If G is not a torus, then it is semisimple.
Proof. If G is not semisimple then −C + is not strictly convex, so X cannot be simple. The 1-dimensional faces of the colored cones of X are generated by primitive vectors α
, where the v i are antidominant weights and the α i are the simple restricted roots of G. We consider three cases: i) suppose that every maximal colored cone contains all the restricted roots of G. Now let v be an antidominant weight contained in span R {R G,θ } and let σ be a maximal colored cone that contains it (σ exists because X is complete). The vector −v is a linear combination of the simple restricted roots with positive coefficients, so it belongs to σ. Thus σ is not strictly convex, absurd.
ii) Suppose that there are two colored cones in the colored fan of X, say
I 2 ), which do not contain respectively α ∨ i and α ∨ j . Then we can write α
We can show in the same manner that (α j , α
.., v l+1 ), I 1 ) which does not contain a simple restricted root. Suppose moreover that every other maximal colored cone contains all the restricted roots. Thus, up to reindex v l ′ +1 , ..., v l+1 , the colored fan contains a colored cone
Moreover we have a complete fan in χ * (S) ⊗ R/span R (R G,θ ) consisting of the images (through the quotient map) of the colored cones which intersect χ * (Z(G) 0 ) ⊗ R. The maximal cones of this fan must be generated by bases of
for appropriate constants a i . But we can show as in the previous case that
where the coefficients b h , c k are positive, absurd.
We claim that X is covered by open simple G-varieties with Picard number equal to 1. Observe that ρ(D(G/H)) contains exactly l vectors. Thus X is covered by open simple G-subvarieties X i such that ρ(D(X i )) has cardinality l − 1 for each i. Notice that all the X i contain a complete orbit because the colored cones associated to the X i have all dimension equal to l. Each X i has Picard number 1 because of the following lemma. Proof. Suppose by contradiction that there is an exceptional root α in R G,θ . Then there is a maximal simple open subvariety X i0 of X such that ρ(D(X i0 )) contains α, because D(G/H)\D(X) contains at most an element and ρ −1 (α) contains two elements. Let α 1 and α 2 be the two simple roots of R G such that: 1) α 1 − θ(α 1 ) = α 2 − θ(α 2 ) = α; 2) either θ(α 1 ) = −α 2 or θ(α 1 ) = −α 2 and (α 1 , α 2 ) = 0. Let L i0 be the standard Levi subgroup of the stabilizer of (X i0 ) B . The root system R Li 0 ,θ contains α, so R Li 0 contains either α 1 or α 2 . Suppose for simplicity that it contains α 1 . We know that θ(α 1 ) + α 2 is contained in the lattice generated by R 0 G (see [T2] ). Moreover R Li 0 contains θ(α 1 ) and R 0 G , so it contains α 2 . Thus R Li 0 ,θ contains a non reduced root system, because it contains an exceptional root. Hence X i0 is not smooth by the theorem, absurd.
Let X ′ be a maximal simple open G-subvariety of X, i.e. X ′ is X j for an j arbitrarily chosen. In the following we will denote by L the standard Levi subgroup of the stabilizer of X ′ B . First of all we will reduce to the case where θ is simple; in a second time we will do a case by case analysis. In some cases we will classify first the possibilities for X ′ and in a second time the possibilities for X. Observe that in the previous section X was always a simple variety.
Denote by α the simple restricted root such that
Proof. The rank of R G,θ is equal to rank of R L,θ plus 1, because ρ(D(X ′ )) contains l − 1 elements. But, as X ′ is smooth, the rank of R G,θ is also greater than the rank of R L,θ plus the number of connected components of the Dynkin diagram of R L,θ . Thus the first point of the lemma follows. To prove the second point observe that the Dynkin diagram of R L,θ is obtained from that of R G,θ by removing the vertex corresponding to α.
Lemma 3.4 The root system R G,θ is irreducible or its type is
Proof. Suppose that R G,θ is reducible, then its type is either A l−1 × A 1 or A l−1 ×BC 1 , because of Lemma 3.3. We index the simple roots of R G,θ so that α l is orthogonal to the other simple roots. We denote by ω 1 the first fundamental weight of the subroot system of type A l−1 . The variety X ′ cannot be complete, otherwise C(X ′ ) contains −ω 1 . Notice that C(X ′ ) contains also ω 1 , because ω 1 is a linear combination of α ∨ 1 , ..., α ∨ l−1 with positive coefficients. Hence, by the Lemma 3.3, there is i < l such that α 1 , ..., α i , ..., α l generate a root system of type A l−1 . This is possible only if l is equal to 2.
Remark. The variety X can be not simple only if R G has type
Because of the Remark at the end of the previous section, we know that (α i , v) is equal either to −δ i,1 or to −δ i,l−1 for each i such that α
). In the following we will do a case by case analysis. 1) Suppose that R G,θ is reducible. We have seen that it has type A 1 × A 1 and that X is not simple. Thus X is covered by two open simple subvarieties whose associated colored cones are respectively (σ(α We have proved that in this case X is smooth. Observe that χ(S) is equal to Z2ω 1 ⊕ Z(ω 1 + ω 2 ).
We want to prove that this variety is projective, more precisely we want to prove that
is an ample divisor. Let l 1 = 1 2 (α 1 − α 2 ) and l 2 = 1 2 (α 2 − α 1 ). We can associate to D the function ϕ which is equal to l i over σ(α
2 ) = 1, so ϕ is strictly convex over the colored fan of X, thus D is ample and X is projective (see [Br1] ).
In the following we will always assume that R G,θ is irreducible.
2) Suppose that R G,θ has rank 1. Then, for each H such that
, there is a unique (non trivial) embedding and it is simple, projective, smooth, with Picard number 1 and D(X) equal to the empty set.
In the following we will always assume that R G,θ has rank at least 2.
3) Suppose that R G,θ has type A l . We can choose the inner product so that α i = α ∨ i for each i. In the following we will identify the restricted roots with the corresponding coroots. Up to an automorphism of the Dynkin diagram, we can suppose that ρ(D(X ′ )) = {α 1 , ..., α l−1 }. We first consider the case where X is simple, i.e. X ′ is complete and coincides with X. In this case C(X ′ ) is generated by −ω 1 and ρ(D(X ′ )). Indeed −ω 2 = α 1 − 2ω 1 and −ω j+1 = j i=1 α j − ω 1 − ω j for each j = 2, ..., l − 1. Let {λ 1 , ..., λ l } be the dual basis of {β 1 , ..., β l−1 , −ω 1 }, where β i is equal to α l−i . We have renamed the simple restricted roots so that (β 1 , ω 1 ) = 0. We have
) is the jth fundamental weight ω j of the root system generated by β 1 , ..., β l−1 . So the symmetric variety with ρ(D(X ′ )) = {α 1 , ..., α l−1 }, N (X ′ ) = {−ω 1 } and χ(S) equal to the root lattice of R G,θ is smooth. It is the only possibility of a simple X because of Lemma 2.5. Now we want to classify the X which are not simple. In this case X has two closed orbits. Moreover, there is a primitive antidominant vector v such that the maximal colored cones of the colored fan of X are (σ(α 1 , ..., α l−1 , v), {D α1 , ...,
In particular N (X ′ ) = {v}. Let bω 1 be the primitive vector of R + ω 1 . Suppose first that (v, α l−1 ) = 0. Then
where the a i are positive integers and β i is again equal to α l−i for each i. Let { λ 1 , ..., λ l } be the dual basis of {β 1 , ..., β l−1 , v}. We have
′ is smooth we have
In particular l divides b − 1, so either b = 1 or b = l + 1. If b = 1, then the a j are all zero and X ′ is complete, absurd. If b = l + 1, then a j = j for each j and v = −ω 1 − ω l is a root. Thus χ(S) must be the weight lattice of R G,θ . Notice
Observe that −ω 1 − ω l is fixed by the non trivial automorphism of the Dynkin diagram.
Suppose now that (α i , v) = −δ i,l−1 for each i < l, so v = −ω l−1 − aω l . The simple variety associated to σ(α 2 , ..., α l , v) cannot be smooth, so we can exclude this case.
We have proved that, if X is not simple, then it is covered by two simple varieties whose corresponding colored cones are (σ(α 1 , ..., α l−1 , −ω 1 − ω l ), {D α1 , ..., D α l−1 }) and (σ(α 2 , ..., α l , −ω 1 − ω l ), {D α2 , ..., D α l }). We claim that l must be 2. Suppose by contradiction that l is at least 3. Then −ω 2 = −l+3
, so it does not belong to σ(α 2 , ..., α l , −ω 1 − ω l ). If l = 2 one can easily verify that the previous colored cones define a complete variety.
is an ample divisor. Let l 1 = 1 3 (α 1 − α 2 ) and l 2 = 1 3 (α 2 − α 1 ). We can associate to D the function ϕ which is equal to l i over σ(α i , −ω 1 − ω 2 ). We have l 1 (α 2 ) = −1 < ϕ(α 2 ) = 1, so ϕ is strictly convex over the colored fan of X, thus D is ample and X is projective (see [Br1] ). 4) Suppose that R G,θ has type B l with l > 2. X must be simple. Observe that the dual root system has type C l . We have ρ(D(X)) = {α
Observe that the cone generated by ρ(D(X)) and −C + is equal to the cone
} which is a basis of χ * (S). Now we can proceed as in the case of A n because the Cartan numbers (α i , α ∨ j ) with j < l are equal to the ones of A l . Thus we define β i = α l−i , so
) is the j-th fundamental weight of the root system generated by β 1 , ..., β l−1 . We have proved that in this case X is smooth. It is the only possibility because of Lemma 2.5. 5) Suppose now that R G,θ has type C l . The G-variety X must be simple and ρ(D(X)) must be equal to {α ∨ 1 , ..., α ∨ l−1 }. Observe that the dual root system has type B l . The cone generated by ρ(D(X)) and −C + is equal to the cone
for 2 < i < l and −2ω
The lattice χ(S) must be the weight lattice of R G,θ because ω ∨ l does not belong to the lattice generated by {α
. Set β i as α l−i and let {λ 1 , ..., λ l } be the dual basis of {β
, so it is the j-th fundamental weight of the root system generated by β 1 , ..., β l−1 . We have proved that in this case X is smooth. It is the only possibility because of Lemma 2.5. 6) Suppose that R G,θ has type B 2 . First suppose that ρ(D(X ′ )) = {α 
} is a basis of the root lattice of R ∨ G,θ . Suppose that χ(S) is the weight lattice of R G,θ and let {λ 1 , λ 2 } be the dual basis of {α
We have proved that in this case X is smooth. It is the only possibility because of Lemma 2.5. 7) Suppose now that R G,θ has type BC l . We think R G,θ as the union of a root system of type B l and of one of type C l . So the simple roots are the ones of B l and the fundamental weights are the ones of C l . Let ω 1 , ..., ω l be the fundamental weights of B l , then the fundamental weights of BC l are ω 1 , ..., ω l−1 , 2ω l . In particular the root lattice coincides with the weight lattice. Moreover the dual root system has again type BC l . We can proceed as in the cases of B l and C l . The G-variety X must be simple and we have
Observe that we exclude the case where l = 2 and ρ(D(
} is a basis of the root lattice of R ∨ G,θ . We define β i as α l−i and {λ 1 , ..., λ l } as the dual basis of {β
) is the j-th fundamental weight of the root system generated by β 1 , ..., β l−1 . We have proved that in this case X is smooth. 8) Suppose that R G,θ has type D l . We can choose the inner product so that α i = α ∨ i for each i. In the following we will identify the restricted roots with the corresponding coroots. We can suppose, up to an automorphism of the Dynkin diagram, that ρ(D(X ′ )) = {α 1 , ..., α l−1 }. We can realize R G,θ in the following way: let {e 1 , ..., e l } be an orthonormal basis of R l and let R G,θ be the set {±(e i ± e j ) : i = j}. Moreover we can suppose that: α 1 = e 1 − e 2 ,...,α l−1 = e l−1 − e l and α l = e l−1 + e l . N (X ′ ) is equal to {v} for an appropriate antidominant weight v. Suppose first that (
α l for an appropriate constant a. The restricted root α l must belong to the lattice generated by {α 1 , ..., α l−1 , v}, so its coordinate with respect to v, namely 2 la+l−1 , must be an integer. Moreover v = −ω 1 − bω l , so 2a = −b − 2. Thus the only possibility is a = −1, so v = −ω 1 . We set f i = −e l−i+1 and β i = α l−i , so β i = f i − f i+1 for each i = 1, ..., l − 1 and −ω 1 = f l . The dual basis of {β 1 , ..., β l , v} is {λ 1 , ..., λ l } where
2 α l for an appropriate constant a. The restricted root α l must belong to the lattice generated by {α 1 , ..., α l−1 , v}, so its coordinate with respect to v, namely 2 la+1 , must be an integer. We know that v = −ω l−1 − bω l , so 2a = −b − 1. Thus we have a = − 1 2 and v = −ω l−1 . Moreover l is equal either to 4 or to 6. If l = 4 we can reduce this case to the one where C(X ′ ) = σ(α 1 , α 2 , α 3 , −ω 1 ) by an automorphism of the Dynkin diagram. Finally consider the case where l = 6 and C(X ′ ) = σ(α 1 , ..., α 5 , −ω 5 ). The variety X ′ must be complete because −ω 5 is not fixed by the non trivial automorphism of the Dynkin diagram. But −ω 3 is equal to − We have proved that, if l is not 4, then there is at most a complete symmetric variety with the requested properties and it is such that: 1) χ * (S) = l−2 i=1 Zω i ⊕ Z(ω l−1 + ω l ) ⊕ Z2ω l ; 2) the corresponding colored fan is formed by (σ(α 1 , . .., α l−1 , −ω 1 ), {D α1 , ..., D α l−1 }), (σ(α 1 , ..., α l−2 , α l , −ω 1 ), {D α1 , ..., D α l−2 , D α l }) and their colored faces. We have to show that these combinatorial data define a variety and that this variety is complete. To verify that these cones define a colored fan it is sufficient to prove that the intersection of σ(α 1 , ..., α l−1 , −ω 1 ) and σ(α 1 , ..., α l−2 , α l , −ω 1 ) is σ(α 1 , ..., α l−2 , −ω 1 ). Let v = l−2 i=1 a i α i + bα l − cω 1 = l−2 i=1 (a i − 2b)α i − bα l−1 + (−c + 2b)ω 1 be a vector in the intersection, then b is equal to 0. The variety X is complete because σ(α 1 , ..., α l−1 , −ω 1 ) ∩ − C + = σ(−ω 1 , ..., −ω l−2 , −ω l−1 − ω l , −ω l ) and σ(α 1 , ..., α l−2 , α l , −ω 1 ) ∩ −C + = σ(−ω 1 , ..., −ω l−2 , −ω l−1 − ω l , −ω l−1 ). If l is equal to 4, we can proceed in an analogous way and prove that the complete varieties with the requested properties are the following three varieties X i with i ∈ {1, 2, 3}. Let j, k be the integers such that j < k and {i, j, k} = {1, 2, 3}. We define X i as the variety such that: 1) χ * (S) = Zω 2 ⊕Zω i ⊕Z(ω j +ω k )⊕Z2ω k ; 2) the colored fan consists of (σ(α 2 , α i , α j , −ω i ), {D α2 , D αi , D αj }), (σ(α 2 , α i , α k , −ω i ), {D α2 , D αi , D α k }) and their colored faces. Observe that these varieties are all isomorphic.
Finally we want to prove that the previous varieties are projective. Up to an automorphism of the Dynkin diagram we can suppose that ω 1 belongs to χ * (S). We set l l−1 = −e l = ω l−1 − ω l and l l = e l = −ω l−1 + ω l . Let ϕ be the function that is equal to l i over σ(α 1 , ..., α l−2 , α i , −ω 1 ) with i = l − 1, l. The function ϕ corresponds to the divisor
, which is ample because l l−1 (α l ) = −1 < 1 = ϕ(α l ) and l l (α l−1 ) = −1 < 1 = ϕ(α l−1 ).
If R G,θ has type E l with l = 6, 7, 8, then we can choose the inner product so that α i = α ∨ i for each i. In this case we will identify the restricted roots with the corresponding coroots. The set ρ(D(X ′ )) has to be {α 1 , α 2 , α 3 , ..., α l }, so X ′ is complete and coincides with X. 9) Suppose that R G,θ has type E 6 . Up to an automorphism of the Dynkin diagram, we can suppose that C(X ′ ) = σ(ρ(D(X ′ )), v) with (α i , v) = −δ i,6 for each i different from 2. So v = a i α i = −aω 2 −ω 6 where a is a positive integer. We have a 2 = −2a − 1 and a 2 must be ±1 because α 2 belongs to the lattice generated by {α 1 , α 3 , ..., α 6 , v}. Hence v is equal to −ω 6 . The weight −3ω 1 is equal to −3ω 6 − 2α 1 − α 3 + α 5 + 2α 6 , so it does not belong to C(X ′ ). Thus X ′ is not complete, absurd. 10) Suppose that R G,θ has type E 7 . C(X ′ ) is the cone σ(ρ(D(X ′ )), v) for an appropriate antidominant weight v = a i α i . First suppose that (α i , v) = −δ i,1 for each i different from 2, so v = −ω 1 − aω 2 for an appropriate positive integer a. We have a 2 = −2 − 7 2 a and a 2 must be ±1 because α 2 belongs to the lattice generated by {α 1 , α 3 , ..., α 7 , v}. Thus a cannot be an integer, absurd. Finally suppose that (α 7 , v) = −1. We have only to study the indexed basis {λ 1 , ..., λ 7 } with λ 1 = ω 1 − a1 a2 ω 2 , λ i = ω i+1 − ai+1 a2 ω 2 for 1 < i < 7 and λ 7 = 1 a2 ω 2 . Comparing the second coordinate (with respect to the basis {α 1 , ..., α 7 }) of 1 7 (7λ 1 − λ 7 ) with the one of the first fundamental weight of R L,θ , we obtain 7a 1 = 4a 2 − 1. The restricted root α 2 belongs to the lattice generated by {α 1 , α 3 , ..., α 7 , v}, so a 2 is equal either to ±1 or to ± 1 2 (observe that the a i belong to 1 2 Z). Hence 2(4a 2 − 1) cannot be an integral multiple of 7, absurd. 11) Suppose that R G,θ has type E 8 . C(X ′ ) is the cone σ(ρ(D(X ′ )), v) for an appropriate antidominant weight v = a i α i . First suppose that (α i , v) = −δ i,1 for each i different from 2, so v = −ω 1 − aω 2 for an appropriate positive integer a. We have a 2 = −5 − 8a and a 2 must be ±1 because α 2 belongs to the lattice generated by {α 1 , α 3 , ..., α 8 , v}. Thus a cannot be an integer, absurd. Finally suppose that (α 8 , v) = −1. We have only to study the indexed basis {λ 1 , ..., λ 8 } with λ 1 = ω 1 − a1 a2 ω 2 , λ i = ω i+1 − ai+1 a2 ω 2 for 1 < i < 8 and λ 8 = 1 a2 ω 2 . Comparing the second coordinate (with respect to the basis {α 1 , ..., α 8 }) of 1 8 (8λ 1 − λ 8 ) with the one of the first fundamental weight of R L,θ , we obtain 8a 1 = 5a 2 − 1. a 2 must be equal to ±1, because {α 1 , α 3 , ..., α 8 , v} is a basis of Hom Z (χ(S), Z). Thus 5a 2 − 1 cannot be a integral multiple of 8, absurd.
12) Suppose that R G,θ has type F 4 . R L,θ cannot have type A 3 , so there are no simple smooth varieties with Picard number equal to 1. 13) Suppose that R G,θ has type G 2 . First suppose that X ′ is complete, so we have two possibilities for C(X ′ ): σ(α
